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Abstract - This study presents a comparative analysis of the heat 
transfer characteristics of copper (Cu) and magnetite (Fe₃O₄) 
nanofluids in a water-based medium. The three-dimensional 
flow of these nanofluids over a stretching surface is analyzed by 
incorporating the effects of Coriolis and Lorentz forces. The 
investigation further considers thermal radiation, viscous 
dissipation, Joule heating, internal heat generation, and 
convective boundary conditions to evaluate the efficiency of 
both nanofluids under identical operating conditions. The 
governing equations are formulated, reduced to a system of 
ordinary differential equations (ODEs) through similarity 
transformations, and solved numerically using the Runge-
Kutta-Fehlberg (RKF) method. The results reveal that the Cu-
based nanofluid exhibits superior heat transfer enhancement 
compared to the Fe₃O₄ nanofluid. These findings advance the 
understanding of nanofluid thermal performance in complex 
flow environments and provide insights for optimizing heat 
transfer efficiency in industrial and engineering applications. 
Keywords: Nanofluids, Heat Transfer, Stretching Surface, 
Coriolis and Lorentz Forces, Runge-Kutta-Fehlberg (RKF) 
Method 

I. INTRODUCTION

The incorporation of nanoparticles into conventional base 
fluids has revolutionized the field of heat and mass transfer, 
giving rise to a new class of fluids termed nanofluids. Initially 
conceptualized by Choi and Eastman [1], nanofluids exhibit 
significantly enhanced thermal conductivity, viscosity 
control, and energy transport characteristics compared to 
traditional coolants. Due to their superior heat dissipation 
capabilities, nanofluids are extensively employed in high-
efficiency cooling systems, micro-electromechanical systems 
(MEMS), nuclear reactors, and solar collectors [2]-[4]. 

Buongiorno [5] proposed a model accounting for seven slip 
mechanisms, including Brownian diffusion and 
thermophoresis, to explain the relative motion between 
nanoparticles and the base fluid. This formulation laid the 
foundation for accurate modeling of convective transport in 
nanofluids. Since then, numerous studies have extended the 
analysis to hybrid nanofluids, which incorporate multiple 
types of nanoparticles to optimize thermal performance. For 
instance, Muqaddass et al., [6] investigated Cu-Al₂O₃-H₂O 

hybrid nanofluid behavior under convective boundary 
conditions and variable thermal conductivity. Similarly, 
Asadi et al., [7] experimentally analyzed the rheological and 
thermal characteristics of CuO-TiO₂-H₂O hybrids, with 
emphasis on stability and viscosity behavior. 

The heat and flow characteristics of nanofluids have also 
been explored under various external influences. Khan and 
Pop [8] examined boundary layer flow over stretching 
surfaces, relevant to polymer extrusion and thermal rolling. 
Sheikholeslami and Rokni [9] studied 
magnetohydrodynamic (MHD) effects on nanofluids under 
applied magnetic fields, while Nadeem et al., [10] and 
Krishnamurthy et al., [11] extended the investigation to non-
Newtonian nanofluid flow and radiative heat transfer over 
exponentially stretching surfaces. Thus, numerous 
investigations on nanofluid dynamics have been reported by 
various researchers [12]-[20]. 

The role of rotational effects in fluid flow has emerged as a 
critical area of research due to applications in astrophysical 
flows, turbines, disk drives, viscometers, and centrifugal 
processing systems. The pioneering work of von Kármán 
[21] introduced similarity solutions for flow over a rotating
disk, which was later extended by Wang [22] and Nazar et
al., [23] to account for unsteady and nonlinear effects. More
recently, Makinde et al., [24] analyzed nanofluid flow
between rotating concentric cylinders within a porous
medium, incorporating the influence of radial magnetic
fields.

Rotational forces such as the Coriolis force (due to system 
rotation) and Lorentz force (due to magnetic field 
interactions) can significantly alter flow stability and thermal 
transport. Mustafa et al., [25] studied nanofluid flow over a 
deformable surface subjected to Coriolis effects and 
nonlinear radiative flux. Archana et al., [26] examined 
Casson nanofluids under MHD and thermal radiation 
conditions, considering Joule heating and viscous 
dissipation. Recently, Sampath et al., [27] presented a 
detailed analysis of ferrofluid flow in a rotating system over 
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a deformed surface, incorporating Coriolis and Lorentz 
forces to evaluate their combined effects on energy transport. 

Thermal radiation also plays a critical role in nanofluid 
performance, particularly in solar and high-temperature 
applications. Nanomaterials with tailored radiation 
absorption characteristics are increasingly utilized in 
photovoltaic and solar thermal systems. Hayat et al., [28] 
investigated MHD stagnation-point flow over a porous 
medium with thermal radiation, while Motsumi and Makinde 
[29] analyzed nanofluid boundary layers under the combined
influence of radiation and viscous dissipation. Other
contributions, including those by Sheikholeslami et al., [30],
Reddy et al., [31], and Waqas et al., [32], emphasized
nonlinear radiative effects in the presence of MHD, hybrid
nanoparticles, and variable heat source/sink models.

Given these insights, the present study investigates the three-
dimensional boundary layer flow of nanofluids over an 
expanding surface, incorporating copper (Cu) and magnetite 
(Fe₃O₄) nanoparticles. The model accounts for Coriolis and 
Lorentz forces, nonlinear thermal radiation, heat generation, 
viscous dissipation, Joule heating, and convective boundary 
conditions. The nonlinear governing equations are 
transformed using similarity variables and solved 
numerically via the Runge-Kutta-Fehlberg (RKF) method. 

The results of this study are expected to provide valuable 
insights for improving heat transport efficiency in rotating 
and thermally active industrial systems. 

A. Mathematical Formulation

This study explores the three-dimensional rotational flow of 
electrically conducting nanofluids copper (Cu) and magnetite 
(Fe₃O₄) over a convectively heated stretching sheet in a 
water-based medium. The sheet is subjected to equal and 
opposite forces along the x-axis, resulting in a stretching 
velocity of 𝑢𝑢𝑤𝑤 = 𝑎𝑎𝑎𝑎, while the origin remains fixed. The 
nanofluid rotates uniformly around the z-axis with a constant 
angular velocity 𝜔𝜔, and a uniform magnetic field 𝐵𝐵0 is 
applied perpendicular to the flow direction. A convective heat 
transfer condition is imposed at the surface, where the 
temperature is maintained at 𝑇𝑇𝑓𝑓 while the ambient 
temperature far from the surface is denoted as 𝑇𝑇∞  
representing the region beyond the thermal boundary layer 
(see Figure 1). 

Following the famous Tiwari and Das model [33], the 
equations embodying the conservation of mass, momentum 
and energy are as follows; 

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

+ 𝜕𝜕𝜕𝜕
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Fig.1 Geometry Of the Problem and Coordinate System. 
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+
𝜎𝜎𝑛𝑛𝑛𝑛𝐵𝐵0

2

(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛
 [𝑢𝑢2 + 𝑣𝑣2] + 𝑄𝑄𝑇𝑇 

(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛
(𝑇𝑇𝑓𝑓 − 𝑇𝑇∞).  (4) 

The relevant boundary conditions for the present problem are; 

𝑢𝑢 = 𝑢𝑢𝑤𝑤 ,    𝑣𝑣 = 0,     𝑤𝑤 = 0, −𝑘𝑘𝑛𝑛𝑛𝑛
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

= ℎ𝑓𝑓�𝑇𝑇𝑓𝑓 − 𝑇𝑇�   𝑎𝑎𝑎𝑎      𝑧𝑧 = 0, 
𝑢𝑢 → 0,     𝑣𝑣 → 0,      𝑇𝑇 → 𝑇𝑇∞      𝑎𝑎𝑎𝑎     𝑧𝑧 → ∞,  (5) 

where 𝑢𝑢, 𝑣𝑣, and 𝑤𝑤 are usual velocity components in 𝑥𝑥, 𝑦𝑦 and 𝑧𝑧 directions respectively, 𝜔𝜔 is constant angular velocity of the 
fluid, 𝜌𝜌𝑛𝑛𝑛𝑛 -density of the nanofluid, 𝜇𝜇𝑛𝑛𝑛𝑛 -dynamic viscosity of nanofluid, 𝛼𝛼𝑛𝑛𝑛𝑛 -thermal diffusivity of nanofluid, 𝐶𝐶𝑝𝑝-specific 
heat at constant pressure, 𝐵𝐵0-applied magnetic field strength, ℎ𝑓𝑓 -heat transfer coefficient, 𝑘𝑘𝑛𝑛𝑛𝑛-thermal conductivity of 

nanofluid, 𝑇𝑇 -temperature, 𝑞𝑞𝑟𝑟 = − �4𝜎𝜎∗

3𝑘𝑘∗�
𝜕𝜕𝑇𝑇4

𝜕𝜕𝜕𝜕
  is the Rosseland radiative heat flux, 𝜎𝜎∗ -Stefan-Boltzman constant and 𝑘𝑘∗ - mean

absorption coefficient. 

Brinkman [34] expressed the dynamic viscosity of nanofluid 𝜇𝜇𝑛𝑛𝑛𝑛 as; 

𝜇𝜇𝑛𝑛𝑛𝑛 =
𝜇𝜇𝑓𝑓

(1−𝜙𝜙)2.5, (6) 

the effective density 𝜌𝜌𝑛𝑛𝑛𝑛 and effective heat capacity (𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 are expressed as [33]; 

𝜌𝜌𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)𝜌𝜌𝑓𝑓 + 𝜙𝜙𝜌𝜌𝑠𝑠,    (7) 
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑛𝑛𝑛𝑛 = (1 − 𝜙𝜙)(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓 + 𝜙𝜙�𝜌𝜌𝑐𝑐𝑝𝑝�𝑠𝑠,  (8) 

the Maxwell-Garnett model for effective thermal conductivity of nanofluid 𝑘𝑘𝑛𝑛𝑛𝑛 and 𝑘𝑘𝑓𝑓 is thermal conductivity of base fluid 
given below, 

𝑘𝑘𝑛𝑛𝑛𝑛
𝑘𝑘𝑓𝑓

=
�𝑘𝑘𝑠𝑠+2𝑘𝑘𝑓𝑓�−2𝜙𝜙�𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠�

�𝑘𝑘𝑠𝑠+2𝑘𝑘𝑓𝑓�+𝜙𝜙�𝑘𝑘𝑓𝑓−𝑘𝑘𝑠𝑠�
,  (9) 

moreover, the electrical conductivity of nanofluid 𝜎𝜎𝑛𝑛𝑛𝑛 is given in the book by Maxwell [35] as; 

𝜎𝜎𝑛𝑛𝑛𝑛
𝜎𝜎𝑓𝑓

= 1 +
3�𝜎𝜎𝑠𝑠−𝜎𝜎𝑓𝑓�𝜙𝜙

(𝜎𝜎𝑠𝑠+2𝜎𝜎𝑓𝑓)−�𝜎𝜎𝑠𝑠−𝜎𝜎𝑓𝑓�𝜙𝜙
, (10) 

where �𝜌𝜌𝐶𝐶𝑝𝑝�𝑠𝑠-volumetric heat capacity of solid nanoparticles, �𝜌𝜌𝐶𝐶𝑝𝑝�𝑓𝑓 , �𝜌𝜌𝐶𝐶𝑝𝑝�𝑛𝑛𝑛𝑛-are volumetric heat capacities of base fluid
and nanofluid respectively, 𝜙𝜙 -the particle volume fraction parameter of nanoparticles, 𝜌𝜌𝑓𝑓-density of base fluid, 𝜇𝜇𝑓𝑓-dynamic 
viscosity of base fluid, 𝑘𝑘𝑠𝑠- thermal conductivity of solid nanoparticles, the subscripts 𝑠𝑠 and 𝑓𝑓 denotes to the solid and base fluid 
respectively and thermophysical properties of water and magnetite-𝐹𝐹𝑒𝑒3𝑂𝑂4 are given in Table 2. 

Equations (1), (2), (3) and (4), subject to the boundary conditions (5) admit similarity solutions in terms of the similarity 
functions 𝑓𝑓,𝑔𝑔,𝜃𝜃 and the similarity variable 𝜂𝜂 and are defined as; 

𝑢𝑢 = 𝑎𝑎𝑎𝑎𝑎𝑎′(𝜂𝜂),  𝑣𝑣 = 𝑎𝑎𝑎𝑎𝑎𝑎(𝜂𝜂),  

𝑤𝑤 = −�𝜈𝜈𝑓𝑓𝑎𝑎𝑓𝑓(𝜂𝜂), 𝜃𝜃(𝜂𝜂) = 𝑇𝑇−𝑇𝑇∞
𝑇𝑇𝑓𝑓−𝑇𝑇∞

,  𝜂𝜂 = �
𝑎𝑎
𝜈𝜈𝑓𝑓
𝑧𝑧,  (11) 

In view of the above quantities, the continuity Equation (2.1) is identically satisfied while Equations (2)-(5) become; 

1

(1−𝜙𝜙)2.5�1−𝜙𝜙+𝜙𝜙𝜌𝜌𝑠𝑠
𝜌𝜌𝑓𝑓
�
𝑓𝑓 ′′′ − 𝑓𝑓 ′2 + 𝑓𝑓𝑓𝑓 ′′ + 2𝜆𝜆𝜆𝜆 −

𝜎𝜎𝑛𝑛𝑛𝑛/𝜎𝜎𝑓𝑓

�1−𝜙𝜙+𝜙𝜙𝜌𝜌𝑠𝑠
𝜌𝜌𝑓𝑓
�
𝑀𝑀𝑓𝑓 ′ = 0,  (12) 

1

(1−𝜙𝜙)2.5�1−𝜙𝜙+𝜙𝜙𝜌𝜌𝑠𝑠
𝜌𝜌𝑓𝑓
�
𝑔𝑔′′ + 𝑓𝑓𝑔𝑔′ − 𝑓𝑓 ′𝑔𝑔 − 2𝜆𝜆𝜆𝜆′ −

𝜎𝜎𝑛𝑛𝑛𝑛/𝜎𝜎𝑓𝑓

�1−𝜙𝜙+𝜙𝜙𝜌𝜌𝑠𝑠
𝜌𝜌𝑓𝑓
�
𝑀𝑀𝑀𝑀 = 0,  (13) 
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1

�1−𝜙𝜙+𝜙𝜙
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑠𝑠
(𝜌𝜌𝑐𝑐𝑝𝑝)𝑓𝑓

�
� 1
𝑃𝑃𝑃𝑃
��

𝐾𝐾𝑛𝑛𝑛𝑛
𝑘𝑘𝑓𝑓

+ 𝑅𝑅(1 + (𝜃𝜃𝑤𝑤 − 1)𝜃𝜃)3� 𝜃𝜃′�
′

� + 𝑓𝑓𝜃𝜃′  

+ 1

�1−𝜙𝜙+𝜙𝜙
�𝜌𝜌𝑐𝑐𝑝𝑝�𝑠𝑠
�𝜌𝜌𝑐𝑐𝑝𝑝�𝑓𝑓

�
� 1

(1−𝜙𝜙)2.5 𝐸𝐸𝐸𝐸(𝑓𝑓 ′′2 + 𝑔𝑔′2 ) +
𝜎𝜎𝑛𝑛𝑛𝑛
𝜎𝜎𝑓𝑓

 𝑀𝑀𝑀𝑀𝑀𝑀(𝑓𝑓 ′2 + 𝑔𝑔2)� 

+ 𝑄𝑄𝑡𝑡𝜃𝜃(𝜂𝜂)

�1−𝜙𝜙+𝜙𝜙
�𝜌𝜌𝑐𝑐𝑝𝑝�𝑠𝑠
�𝜌𝜌𝑐𝑐𝑝𝑝�𝑓𝑓

�
= 0.  (14) 

The corresponding boundary conditions become; 

𝑓𝑓 ′ (0) = 1,   𝑓𝑓(0) = 0, 𝑔𝑔(0) = 0   𝜃𝜃′(0) = 𝐵𝐵𝐵𝐵(𝜃𝜃(0) − 1)    at    𝜂𝜂 = 0, 
𝑓𝑓′ (𝜂𝜂) → 0,   𝑔𝑔(𝜂𝜂) → 0, 𝜃𝜃(𝜂𝜂) → 0 as    𝜂𝜂 ⟶ ∞.   (15) 

Non-dimensional quantities are magnetic parameter, ratio of rotation rate to the stretching rate parameter, Prandtl number, 
radiation parameter, heat soirce, Biot number, Eckert number, temperature ratio parameters are defined as; 

𝑀𝑀 =
𝜎𝜎𝑓𝑓𝐵𝐵0

2

𝜌𝜌𝑓𝑓𝑎𝑎
,    𝜆𝜆 = 𝜔𝜔

𝑎𝑎
, 𝑃𝑃𝑃𝑃 =

�𝜇𝜇𝑐𝑐𝑝𝑝�𝑓𝑓
𝑘𝑘𝑓𝑓

, 𝑅𝑅 = 16𝜎𝜎∗𝑇𝑇∞
3

3𝑘𝑘∗𝑘𝑘𝑓𝑓
,  𝑄𝑄𝑡𝑡 = 𝑄𝑄𝑇𝑇

𝜌𝜌𝑓𝑓𝑐𝑐𝑝𝑝𝑝𝑝

𝐵𝐵𝐵𝐵 =
ℎ𝑓𝑓
𝑘𝑘𝑛𝑛𝑛𝑛

 �
𝜈𝜈𝑓𝑓
𝑎𝑎

 ,  𝐸𝐸𝐸𝐸 = 𝑢𝑢𝑤𝑤2

𝑐𝑐𝑝𝑝𝑝𝑝(𝑇𝑇𝑤𝑤−𝑇𝑇∞ )
, 𝜃𝜃𝑤𝑤 =

𝑇𝑇𝑓𝑓
𝑇𝑇∞

 .  (16) 

The quantities of practical interest are the skin friction coefficients 𝐶𝐶𝑓𝑓𝑓𝑓,𝐶𝐶𝑓𝑓𝑓𝑓 and the local Nusselt number 𝑁𝑁𝑢𝑢𝑢𝑢 defined as 
follows; 

𝐶𝐶𝑓𝑓𝑓𝑓 = 𝜏𝜏𝑤𝑤𝑤𝑤
𝜌𝜌𝑓𝑓𝑢𝑢𝑤𝑤2

, 

𝐶𝐶𝑓𝑓𝑓𝑓 = 𝜏𝜏𝑤𝑤𝑤𝑤
𝜌𝜌𝑓𝑓𝑢𝑢𝑤𝑤2

, 

𝑁𝑁𝑢𝑢𝑥𝑥 = 𝑥𝑥𝑞𝑞𝑤𝑤
𝑘𝑘𝑓𝑓(𝑇𝑇𝑤𝑤−𝑇𝑇∞ )

, (17) 

where 𝜏𝜏𝑤𝑤𝑤𝑤 = 𝜏𝜏𝑧𝑧𝑧𝑧|𝑧𝑧=0  and 𝜏𝜏𝑤𝑤𝑤𝑤 = 𝜏𝜏𝑧𝑧𝑧𝑧|𝑧𝑧=0   are the wall shear stresses and 𝑞𝑞𝑤𝑤 is the wall heat flux given by, 

𝜏𝜏𝑤𝑤𝑤𝑤 = 𝜇𝜇𝑛𝑛𝑛𝑛
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

|𝑧𝑧=0, 

𝜏𝜏𝑤𝑤𝑤𝑤 = 𝜇𝜇𝑛𝑛𝑛𝑛
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

|𝑧𝑧=0, 

𝑞𝑞𝑤𝑤 = −𝑘𝑘𝑛𝑛𝑛𝑛
𝜕𝜕𝜕𝜕
𝜕𝜕𝑧𝑧

|𝑧𝑧=0 + 𝑞𝑞𝑟𝑟|𝑧𝑧=0.  (18) 

Using equation (11) and (18) in equation (16) one obtains, 

�𝑅𝑅𝑒𝑒𝑥𝑥 𝐶𝐶𝑓𝑓𝑓𝑓 = 1
(1−𝜙𝜙)2.5 𝑓𝑓′′(0), 

�𝑅𝑅𝑒𝑒𝑥𝑥 𝐶𝐶𝑓𝑓𝑓𝑓 = 1
(1−𝜙𝜙)2.5 𝑔𝑔′ (0), 

𝑁𝑁𝑢𝑢𝑥𝑥
�𝑅𝑅𝑒𝑒𝑥𝑥

= − �
𝑘𝑘𝑛𝑛𝑛𝑛
𝑘𝑘𝑓𝑓

+ 𝑅𝑅𝜃𝜃𝑤𝑤3� 𝜃𝜃′ (0),  (19) 

where 𝑅𝑅𝑒𝑒𝑥𝑥  = 𝑢𝑢𝑤𝑤𝑥𝑥
𝜈𝜈𝑓𝑓

 is the local Reynolds number. 

TABLE I THERMO-PHYSICAL PROPERTIES OF WATER BASED NANOFLUIDS. 
𝝆𝝆(𝒌𝒌𝒌𝒌/𝒎𝒎𝟑𝟑) 𝒄𝒄𝒑𝒑(𝑱𝑱/𝒌𝒌𝒌𝒌𝒌𝒌) 𝑲𝑲(𝑾𝑾/𝒎𝒎𝒎𝒎) 𝝈𝝈(Ω𝒎𝒎)−𝟏𝟏 

𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾 997.1 4179 0.613 0.05 

𝑭𝑭𝒆𝒆𝟑𝟑𝑶𝑶𝟒𝟒 5180 670 9.7 25000 

Cu 8933 385 400 59.6 

𝑨𝑨𝒍𝒍𝟐𝟐𝑶𝑶𝟑𝟑 3970 765 40 16.7 
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TABLE II COMPARISON OF CURRENT RESULT WITH PREVIOUS STUDIES FOR SPECIAL CASES (𝜙𝜙 = 0,𝑀𝑀 = 0). 
𝝀𝝀 Wang [22] Nazar et al.,[23] Present results 

𝑓𝑓′′(0) 𝑔𝑔′(0) 𝑓𝑓′′(0) 𝑔𝑔′(0) 𝑓𝑓′′(0) 𝑔𝑔′(0) 
0 -1 0 -1 0 -1.00006 0 

0.5 -1.1384 -0.5128 -1.1384 -0.5128 -1.13837 -0.51276

1.0 -1.3250 -0.8371 -1.3250 -0.8371 -1.32503 -0.83710
2.0 -1.6523 -1.2873 -1.6523 -1.2873 -1.65235 -1.28726

II. RESULTS AND DISCUSSION

The set of nonlinear ordinary differential equations is solved 
numerically using the Runge-Kutta-Fehlberg (RKF) method. 
In this numerical scheme, selecting a suitable finite value for 
η_max is crucial. Following standard boundary-layer theory, 
the asymptotic boundary conditions at η → ∞ are 
approximated by a finite value η_∞. In the present 
computations, a step size of Δη = 0.001 is employed, and the 
convergence criterion is set to 10^(-6). To validate the 
accuracy of the numerical method, the computed values of 
f''(0) and g'(0) are compared with the benchmark results 
reported by Wang [22] and Nazar et al.,[23] for a special case. 
The comparison, summarized in Table II, shows excellent 
agreement. 

Graphical illustrations of velocity and temperature profiles 
for various values of physical parameters—such as magnetic 
parameter (M), rotation parameter (λ), radiation parameter 
(R), Eckert number (Ec), heat source parameter (Q_t), and 
temperature ratio (θ_w)—are presented in Figs. 6-17 for Cu-
, Al₂O₃-, and Fe₃O₄-water-based nanofluids. Furthermore, 
the effects of these parameters on the skin-friction coefficient 
and Nusselt number are analyzed and depicted in Figs. 2-5 
for Cu- and Fe₃O₄-water-based nanofluids. 

Equation 2 illustrates the variation of the skin-friction 
coefficient in the x-direction under the influence of λ and M. 
It is observed that increasing both parameters leads to a 
noticeable reduction in skin friction along the x-direction, 
indicating reduced surface shear stress due to enhanced 
magnetic damping and flow-stretching effects. Fig. 3 
presents the skin-friction coefficient in the y-direction for 
varying λ and M. As λ increases, the skin friction in the y-
direction decreases, reflecting reduced resistance in the 
transverse direction. In contrast, higher values of M result in 
an increase in skin friction along the y-direction, attributed to 
the intensified Lorentz force opposing the flow. Moreover, 
the velocity is found to be higher for Fe₃O₄-water-based 
nanofluid compared to Cu-based nanofluid, indicating 
superior flow characteristics and reduced resistance in Fe₃O₄ 
nanofluid due to its enhanced thermal and rheological 
properties. 

Equation 4 presents the variation of the Nusselt number with 
λ and M. It is observed that the Nusselt number decreases 
with increasing λ and M, indicating a reduction in convective 
heat transfer at the surface. An increase in λ stretches the flow 
field, leading to a thinner thermal boundary layer but 

simultaneously weakens the thermal gradient at the wall. 
Similarly, a stronger magnetic field (higher M) induces a 
Lorentz force that suppresses fluid motion, lowering 
convective heat transfer rates and reducing the Nusselt 
number. 

Equation 5 shows the combined effect of Ec and nanoparticle 
volume fraction (ϕ) on the Nusselt number. The results 
indicate that higher Ec and ϕ together lead to a notable 
enhancement in heat transfer, highlighting the effectiveness 
of nanoparticle-enriched fluids under high-energy dissipation 
conditions. Among the studied cases, Cu-water nanofluid 
exhibits the greatest improvement, followed by Fe₃O₄ 
nanofluid. 

Equation 6 demonstrates the effect of Biot number (Bi) on 
the temperature profile. As Bi increases, fluid temperature 
also increases due to stronger convective heat exchange 
between the surface and the surrounding environment, 
leading to a thicker thermal boundary layer. Fig. 7 shows that 
increasing the heat source parameter raises the fluid 
temperature, as additional thermal energy is introduced 
through internal heat generation. Fig. 8 illustrates that higher 
Ec leads to an elevated temperature profile due to increased 
viscous dissipation effects. 

Equation 9 and 10 depict the effect of M on the axial velocity 
f′(η) and transverse velocity g(η), respectively. Increasing M 
reduces the axial velocity but increases the transverse 
velocity due to the Lorentz force. Fig. 11 shows that the 
temperature and thermal boundary-layer thickness increase 
with higher M. Among the nanofluids, Cu-water nanofluid 
shows the highest enhancement, followed by Fe₃O₄ 
nanofluid. Figs. 12-14 present the effect of λ on velocity and 
temperature profiles. An increase in λ decreases the axial 
velocity but enhances the transverse velocity due to the 
Coriolis force, while also thickening the thermal boundary 
layer. 

Equation 15 illustrates that higher radiation parameter R 
raises the temperature profile, while Equation 16 shows that 
increasing θ_w thickens the thermal boundary layer. A 
comparative analysis reveals that Cu-water nanofluid 
achieves the greatest heat-transfer enhancement, followed by 
Fe₃O₄ nanofluid. Finally, Equation. 17 shows that increasing 
ϕ raises the temperature due to enhanced thermal 
conductivity and diffusivity of the nanofluid, leading to more 
effective heat transfer. 
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III. CONCLUSION

This study presents a comparative evaluation of heat transfer 
performance between Cu and Fe₃O₄ water-based nanofluids 
under various physical effects. The results indicate that both 
the stretching ratio (λ) and the magnetic parameter (M) 
reduce convective heat transfer due to suppressed axial flow 
and weakened thermal gradients. However, the inclusion of 
nanoparticles significantly enhances heat transfer, with Cu-
based nanofluids demonstrating the highest improvement 
owing to their superior thermal conductivity. Increasing the 
Eckert number (Ec) and nanoparticle volume fraction (ϕ) 
synergistically increases the Nusselt number, highlighting the 
combined effects of viscous dissipation and nanoparticle 
dispersion. Higher Biot number and heat source parameter 
values result in elevated temperatures and thicker thermal 
boundary layers, indicating improved surface-to-fluid heat 
exchange. Magnetic and Coriolis forces reshape the flow and 
thermal fields, indirectly influencing heat transfer. Radiation 
and temperature ratio parameters further intensify thermal 

profiles. Fe₃O₄ nanofluids exhibit better flow characteristics, 
while Cu nanofluids provide superior thermal efficiency. 
Overall, Cu-based nanofluids are optimal for heat-intensive 
applications, whereas Fe₃O₄ nanofluids offer balanced 
performance in thermally and flow-sensitive systems. 
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Fig.2 The effects of magnetic parameter v/s ratio of rotation rate to the stretching rate parameter on skin friction coefficient. 

Fig.3 The effects of magnetic parameter v/s ratio of rotation rate to the stretching rate parameter on skin friction coefficient. 
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Fig.4 The effects of magnetic parameter v/s ratio of rotation rate to the stretching rate parameter on Nusselt number. 

Fig.5 The effects of Eckert number v/s 𝜙𝜙 on Nusselt number. 

Fig.6 The effect of Biot number on temperature profile. 
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Fig.7 The effect of heat source parameter on temperature profile. 

Fig.8 The effect of Eckert number on temperature profile. 

Fig.9 The effect of magnetic parameter on velocity profile. 
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Fig. 10 The effect of magnetic parameter on velocity profile. 

Fig.11 The effect of magnetic parameter on temperature profile. 

Fig.12 The effect of ratio of rotation rate to the stretching rate parameter on velocity profile. 
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Fig.13 The effect of ratio of rotation rate to the stretching rate parameter on velocity profile 

Fig.14 The effect of ratio of rotation rate to the stretching rate parameter on temperature profile. 

Fig.15 The effect of radiation parameter on temperature profile. 
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Fig.16 The effect of temperature ratio parameter on temperature profile. 

Fig.17 The effect of solid volume fraction parameter on temperature profile. 
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